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For swaps with no credit risk in which the appropriate discount rate is the rate to which
the floating leg is pegged, pricing can be done by using either a pair of bonds or with forward
rates. In this note, we demonstrate the equivalence of these two methods. Let us start by
specifying a swap with payments attimest=1, 2, ..., T. We shall assume the swap is a pay-
fixed, receive-floating swap, which shall henceforth be simply referred to as a pay-fixed swap.
Let the swap be based on an underlying rate, L, ostensibly representing LIBOR, though it could
be any market rate with the same calculation convention.! At the issue date, the LIBOR term
structure is specified as Lo,1, Loz, ..., Lo1, Which represents LIBORs observed at time O for the
periodtotimet, t=1,2, ..., T. We assume this rate is LIBOR for a fixed number of days, say 90,
but that each settlement period can have a different number of days. Denote the number of days
divided by 360 in settlement period t as m;, and bear in mind that t is the end of the settlement
period, that is, the point at which the payment is made. Thus, we follow the standard LIBOR
convention of advance set, settle in arrears. Thus, the rate for t" payment is set at time t-1. For t
= 1, the first payment, the rate is setat t — 1 = 0. Therefore, the rate Lo 1, observed at time 0 sets
the rate for the payment at t = 1. We shall also need to denote rates later during the life of the
swap. For example, the one-period rate at time t is Lt 1.

For discounting purposes, we shall need the number of days divided by 360 from time 0
to time t. This cumulative number of days divided by 360 will be denoted as ho,:, which is

formally defined as

t

hoe =D M, .

j=1
That is, the number of days divided by 360 from time 0 to time t is the sum of the number of days
in each settlement period to that point. At other times, we might wish to know the number of
days divided by 360 from some arbitrary time w to time z, which would be

hw,z = Z mj
j=w+l

The discount factor for time O to time t is, therefore,

We mean that the interest calculation is add-on and based on the number of days divided by 360, which is
the LIBOR convention, as we show later.
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1
1+ L, hy,
And in general, the discount factor for time w to time z is
1t
1+ LV\/,ZhW,Z
Let R be the fixed rate on the swap. Thus, the t" payment from the perspective of the

fixed payer will be

(L(—l,t - R)mt
We now proceed to demonstrate swap pricing.

Forward Rate Pricing

In pricing the swap via forward rates, we treat the unknown future floating payments as
represented by the forward rates. This point is often stated as an assumption, but it is not an
assumption, as we shall show. It is a condition that is required by the principle of no arbitrage.
First, let us specify the unknown future floating swap payments as forward rates. The first
payment, of course, is the spot rate at time 0, so that floating payment will be at Lo;. The second
floating payment will be at the rate L; , but of course, this rate is unknown at time 0, and we use
the forward rate in its place. Denote Fo 12 as the forward rate observed at time O for the period

from time 1 to time 2. It is defined as
1+L. .h
Fo, = {M}l [#J
1+ LO,lhO,l ho,z - hO,l
_ (1"' Lo,zho,zJ_l (i)
1+ LO,lhO,l m2

In general, the forward rates at time 0 for the period spanning time w to time z is defined as

F[{ﬂ”(gj 2
T 1+ Lo,who,w m,

It should be noted that the spot rate Lo 1 can be shown to be equivalent to a forward rate,

)

specifically Foo1. Using Equation (2), we have?

2In the proof below, there is a rate Loo and a time factor hoo. The rate is the spot rate for interest from the
period 0 to 0, which is obviously zero. The time factor is the number of days from time 0 time 0 divided by
360, which is also zero.
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FOOl :[(1+ Lo,lho,l ]_]}(LJ
o 1+ Lo,oho,o m,

= (1+ Loshys —1)[i]

m,

= Lo,lho,l [mi] = LO,l

1
In pricing the swap, we need to find the fixed rate such that the present value of the fixed
payments equals the present value of the floating payments. That rate, R, is defined as

L 1
;( Fot1: — R) m, (—1+ L, J =0 3

We restate this to the following:

T F 1 R S 1
m - | = m, - . .
; I Loy, ; 1+ Lo.cho,

T
Z l:0 -1, M #
el K P

u 1

2Mm|

t=1 1+ LO,thO,t

And the solution is

R=

(4)

Pricing Swaps as Combinations of Bonds

The alternative approach to swap pricing is to treat the swap as a combination of bonds.
For a pay-fixed swap, we assume that we issue a fixed-rate bond at the rate R and use the
proceeds to buy a floating-rate bond paying LIBOR. The payment dates and specifications on the
bonds must be exactly as they are on a swap. Of course, bonds have principal payments and
swaps do not, but since we are issuing a bond and using the proceeds from the principal to buy
another bond, the effects offset at the start. At maturity, we use the proceeds from the bond we
own to repay the principal of the bond we issued, so those principals again offset. Thus, we can
treat swaps like a pair of bonds, as the pair of bonds will have the same cash payments.®

It is well-known and easy to prove that a floating-rate bond in which the coupon is the
same rate as the discount rate will have a value of par on each payment date and at the start.
Thus, the present value of the floating-rate bond payments is 1. We then specify a fixed-rate

bond with rate R in which the value of the bond is 1.

3We are, of course, assuming away any credit risk.
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u 1
+
tZl: 1+L, h 1+ Ly hys

R= 1+L0ThOT

Sl

We then solve for R to obtain

()

Equivalence of the Two Approaches
What we want to show is how Equations (4) and (5) are equivalent. The denominators
are already equivalent, so we can confine our focus to the numerators. Let us write out the

numerator of Equation (4),

u 1
=
;1, 0,t-1,t t£1 | horj

iy Py My bt Ry My
00171 1+ Lo’lhoyl 01272 1+ Loyzhovz 0T-1T''T 1+ LOYT hOYT
1 1 1
=L, ,m—— +F, ,m——— + ..+ F —_—
LO,l 1 1+ Loylho’l 01272 1+ Lo’zhoyz O,T—l,TmT 1+ LO’T hO’T

Next, we substitute for the forward rates using Equation (2),

Ll +[1+ Lg,zho,z_lJ[isz 1
Tl Loghyy (14 Lgshy, m, 1+ 1,0,
[ L+ Loy, _1](ier 1
1+ LOT lhOT -1 My 1+ LO,ThO,T

And this result can be written as

1
Lo,m L L.,
+[1+ Lo, —(A+ LO,lhO,l)J_'_ +[1+ Lorhor —(1+ LO,TlhO,Tl)]
@+ Losh, )+ Ly ohg ) Cola+ Lorafo )@+ Lorhyr)

Simplifying a bit, we obtain
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1
L0,1m1 a1

1+ Losho,
N 1+ LM B 1+ Loshos
@+ Lo h )@+ Ly ohg ) (@ Loahy, )3+ Lo o0y )
1+ L,1hyq 1+ L7y

+..+ -
A+ Lorahor )@+ Lorhyr) @+ Lorahor )@+ Lorhyr)

We can now see that most of the terms cancel,

U SR SR D S S S
' 1+ LO,lhO,l 1+ LO,lhO,l 1+ L0,2h0,2 1+ L0,2h0,2 1+ L0,3h0,3 1+ LO,T—lhO,T—l l+ LO,T hO,T
_ Lo, —r -1
1+ LO,lhO,l 1+ LO,lhO,l 1+ LO,T hO,T
Cl+Lgm ~ 1
1+ LO,lhO,l 1+ LO,T hO,T
1
1+ LO,T hO,T

Note that we use the fact that m; = ho1. With equivalence of the numerators and the same
denominator, this completes the proof that the forward rate approach equals the bonds approach.
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